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1. Introduction.  9 

Supplementary Material II includes R code for applying the Benjamini–Hochberg (FDR-BH) 10 

and Benjamini–Krieger–Yekutieli (FDR-BKY) procedures to raster-based datasets, using a 11 

single raster layer of p-values as input. To support understanding of how these corrections are 12 

computed, this document provides a step-by-step explanation designed to clarify the logic of 13 

both procedures transparently and intuitively. 14 

2. From the multiple testing problem to false discovery rate (FDR) control 15 

Consider a multiple testing situation in which many statistical tests are performed (Table 1), as 16 

commonly occurs in remote sensing, where thousands or even millions of tests are conducted 17 

simultaneously, typically one per pixel across the image. Traditional procedures usually aim to 18 

control the family-wise error rate (FWER), which is defined as the probability of making at 19 

least one false rejection. While effective at limiting false positives, this criterion becomes too 20 

strict when the number of tests is large, often resulting in very few rejections and many missed 21 

detections (García 2004). To address this limitation, Benjamini and Hochberg (1995) proposed 22 

the false discovery rate, which instead focuses on controlling the expected proportion of false 23 

positives among all rejected hypotheses. This approach provides a balanced compromise 24 

between avoiding false alarms and retaining sensitivity to real effects (García 2003), making it 25 

especially suitable for large-scale spatial multiple testing (Sun et al. 2015).  26 
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Table 1. Cross-classification of hypothesis testing outcomes.  27 

 
H0 not rejected H0 rejected Total 

H0True 
N0|0 

(True negative) 
N1|0  

(False positive) 
m0 

(True null 
hypotheses) 

H0False 
N0|1 

(False negative) 
N1|1  

(True positive) 
m1 

(False null 
hypotheses) 

Total m – R 
(Non-rejections) 

R 
(Rejections) 

m 
(Total tests) 

 28 

Benjamini and Hochberg (1995) yet powerful algorithm that relies solely on the list of p-values 29 

resulting from the tests to operationalize false discovery rate control. Rather than applying a 30 

fixed threshold across all hypotheses, their method adapts the rejection criteria according to the 31 

distribution of observed p-values (Benjamini 2010). This approach increases the potential for 32 

true discoveries while still controlling the inflation of false positives and forms the basis of the 33 

step-up procedures described in the next section (Korthauer et al. 2019). 34 

3. Step-up Procedures for FDR Control 35 

Early formulations by Simes (1986) and Hochberg (1988) laid the groundwork for step-up 36 

procedures, which were later adapted to control the false discovery rate (FDR) by Benjamini 37 

and Hochberg (1995). The step-up procedure refers to how these methods sequentially compare 38 

ordered p-values to increasingly permissive thresholds. Starting from the smallest p-value, each 39 

is tested against a progressively higher critical value. The procedure identifies the largest rank 40 

for which the p-value remains below its corresponding threshold, and all hypotheses up to that 41 

point are rejected. This ascending structure —both in p-value rank and threshold level— strikes 42 

a flexible balance between statistical power and false discovery control, thus justifying the 43 

“step-up” designation. 44 
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3.1. The Benjamini–Hochberg procedure (FDR-BH).  45 

The Benjamini–Hochberg (BH) procedure assumes that individual tests are either independent 46 

or positively dependent (Benjamini 2010; Benjamini and Hochberg 1995; Benjamini and 47 

Yekutieli 2001). While the method does not require all null hypotheses to be true, it computes 48 

rejection thresholds as if all hypotheses were null, using the total number of hypotheses m rather 49 

than estimating the number of true nulls m0. This conservative design guarantees strict control 50 

of the false discovery rate (FDR), even under the global null m0=m. Under these conditions, the 51 

expected proportion of false discoveries remains below the pre-specified level, typically 52 

q=0.05. 53 

The Benjamini and Hochberg (BH) procedure is applied as follows: 54 

1. Order the p-values of all the hypothesis tests in ascending order [1]:  55 

𝑝𝑝(1),𝑝𝑝(2), … ,𝑝𝑝(𝑚𝑚)   [1] 56 

where: 57 

𝑝𝑝(1) represents the smallest p-value from the set of hypothesis tests; 𝑝𝑝(2) represents the 58 
second smallest p-value; 𝑝𝑝(𝑚𝑚) represents the largest p-value, and m is the total number 59 
of hypothesis tests performed; and 𝑚𝑚 is the total number of hypothesis tests performed.  60 

 61 

2. Determine the critical value 𝑘𝑘 as the largest 𝑖𝑖 such that [2]: 62 

𝑝𝑝(𝑖𝑖) ≤
𝑖𝑖
𝑚𝑚
⋅ 𝑞𝑞    [2] 63 

where:  64 

𝑝𝑝(𝑖𝑖)  denotes the p-value with rank i in ascending order among the 𝑚𝑚 hypothesis tests; 𝑖𝑖 65 
is the rank of the p-value when ordered from smallest to largest; 𝑚𝑚 is the total number 66 
of hypothesis tests performed; q is the desired false discovery rate (FDR) level. 67 

 68 

3. Reject all null hypotheses [3]: 69 
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𝐻𝐻(1),𝐻𝐻(2), … ,𝐻𝐻(𝑘𝑘)   [3] 70 

where:  71 

𝐻𝐻(1) represents the hypothesis corresponding to the smallest p-value; 𝐻𝐻(2) represents the 72 
hypothesis corresponding to the second smallest p-value; 𝐻𝐻(𝑘𝑘) represents the hypothesis 73 
corresponding to the k-smallest p-value; and k is the largest rank for which the p-value 74 
meets the BH criterion. 75 

3.2. The Benjamini-Krieger-Yekutieli (BKY).  76 

The adaptive procedure proposed by Benjamini, Krieger, and Yekutieli (2006) extends the 77 

original BH method by introducing a data-driven estimate 𝑚𝑚�0 of the number of true null 78 

hypotheses, out of the total number of tests m. Rather than computing thresholds under the 79 

conservative assumption that m0 = m, the FDR-BKY method estimates m0 from the data and 80 

adjusts the rejection threshold accordingly. When 𝑚𝑚�0<m — that is, when some of the 81 

hypotheses are truly non-null— the procedure relaxes the rejection criterion, thereby increasing 82 

statistical power while still controlling the false discovery rate under independence and certain 83 

forms of positive dependence. This makes the method particularly advantageous in settings 84 

where the proportion of false nulls is high, offering a more adaptive and less stringent 85 

alternative to the classical BH approach.  86 

The Benjamini-Krieger-Yekutieli (BKY) procedure is applied as follows.  87 

In the first stage, apply the original FDR-BH procedure to the data. This step identifies an initial 88 

set of rejected hypotheses and prepares the ground for estimating the number of true null 89 

hypotheses, 𝑚𝑚�0, using the following formula using the following formula [4]: 90 

𝑚𝑚�0(𝑘𝑘) = 𝑚𝑚+1−𝑘𝑘
1−𝑝𝑝(𝑘𝑘)

   [4] 91 

where:  92 



Supplementary Material I: Foundations of FDR-BH & FDR-BKY Procedures 

 5 

𝑚𝑚�0(𝑘𝑘) is the estimate of the number of true null hypotheses; 𝑚𝑚 is the total number of 93 
hypotheses; 𝑘𝑘 is the rank of the p-value used in the estimation; and 𝑝𝑝(𝑘𝑘) is the k-th largest 94 
p-value.  95 

 96 

This process is repeated for different values of 𝑘𝑘, and the final value of 𝑚𝑚�0 is obtained by 97 

selecting the minimum value across the different 𝑘𝑘 values, ensuring that the estimate is non-98 

decreasing in 𝑘𝑘. With the estimate of 𝑚𝑚�0 obtained in the first stage, the adjusted critical value 99 

𝑞𝑞∗ to be used in the second stage is calculated as follows [5]: 100 

𝑞𝑞∗ = 𝑞𝑞⋅𝑚𝑚
𝑚𝑚�0

    [5] 101 

where:  102 

𝑞𝑞∗ is the adjusted false discovery rate threshold; 𝑞𝑞 is the desired false discovery rate 103 
(e.g., 0.05); 𝑚𝑚 is the total number of hypotheses; 𝑚𝑚�0 is the estimated number of true 104 
null hypotheses obtained in the previous step. 105 

 106 

This adjusted value 𝑞𝑞∗is used instead of 𝑞𝑞 in the modified BH procedure, thus making the 107 

threshold for rejecting hypotheses less stringent, particularly when 𝑚𝑚�0 is less than 𝑚𝑚. 108 

Finally, perform the BH procedure again using the adjusted critical threshold from the second 109 

stage [6].  110 

𝑝𝑝(𝑖𝑖) ≤
𝑖𝑖

𝑚𝑚⋅𝑚𝑚�0
⋅ 𝑞𝑞∗   [6]  111 

where:  112 

𝑝𝑝(𝑖𝑖) is the i-th ordered p-value; 𝑖𝑖 is the rank of the p-value; 𝑚𝑚 is the total number of 113 
hypotheses; 𝑚𝑚�0 is the estimated number of true nulls; 𝑞𝑞∗ is the adjusted FDR level. 114 

 115 

3.3. Graphical Comparison of Thresholds in FDR Step-up Procedures 116 
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Graphically (Figure 1), FDR step-up procedures unfold like a rising staircase: p-values are first 117 

ordered from smallest to largest and subsequently compared against increasingly permissive 118 

thresholds. Based on this comparison, the procedures identify the highest step at which a p-119 

value remains below its corresponding cut-off and accordingly rejects all hypotheses up to that 120 

point.  121 

This visual structure illustrates how the procedure balances discovery power with error control 122 

dynamically. The two-stage linear step-up procedure of Benjamini, Krieger, and Yekutieli 123 

(2006) yields more permissive thresholds, resulting in greater statistical power. The largest 124 

differences between the two methods occur at higher-ranked p-values (i.e., larger values), while 125 

both procedures yield similar thresholds for the smallest p-values.  126 

While FDR procedures often reduce the number of significant findings compared to unadjusted 127 

p-values at a fixed α level, their key contribution lies in reinterpreting what significance means. 128 

Even when the total number of rejections remains similar, FDR control ensures that, among all 129 

discoveries, the expected proportion of false positives is ≤ q (e.g., 5%). This shifts the focus 130 

from per-test error control (α) to the reliability of the entire set of discoveries, embedding 131 

statistical rigour within the broader context of multiple testing (multiplicity). For instance, with 132 

q = 0.05, if 100 hypotheses are rejected, we expect ≤ 5 to be false positives —regardless of how 133 

many tests were performed. 134 

Figure 1. Step-up rejection thresholds and discoveries under FDR control using BH and BKY 135 
procedures.  136 
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 137 

Note: This plot illustrates the rejection thresholds for analysing 100 p-values under a target 138 

false discovery rate of q=0.05. The estimated number of true null hypotheses (m0=60) was 139 

computed from the data using the BKY method, and is only applicable to the BKY threshold 140 

line. The x-axis shows the rank of the ordered p-values, from smallest (left) to largest (right), 141 

while the y-axis displays the corresponding observed p-value at each rank. These values are 142 

compared against the procedure-specific thresholds (BH or BKY) to determine which 143 

hypotheses are rejected. The intersection point with each threshold line determines the cut-off 144 

rank for significance under that procedure. 145 

 146 
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